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Abstract

This paper deals with the initial-boundary value problem for Kirchhoff-type parabolic system
with logarithmic source term. We discuss the global existence and exponential energy decay
estimates of weak solutions under some conditions by employing potential method.
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1 Introduction

In this paper, we investigate the global existence and decay of solutions for the Kirchhoff type
parabolic system with logarithmic source term

up — M(|Vul® + [|[ Vo)) Au — Aug = |u|! P uln|u|, ze€Q, t>0,

vy — M(||Vul®> + | Vo||H)Av — Avy = 0| P vlnv], z€Q, t>0, (1.1)
u(z,t) =0, v(z,t) =0 x e, t>0, ’
u(z,0) = uo(z), v(z,0) =vo(x) x €,

where 2 is a bound domain in R™ with smooth boundary, M(s) =1+ s7, (v > 0) and 2y +2 < gq.
Studies of logarithmic nonlinearity have a long history in physics as it occurs naturally in
different areas of physics such as supersymmetric field theories, inflation cosmology, nuclear physics
and quantum mechanics [1, 2].
When M = 1 and ¢ = 2, the system (1.1) become semilinear pseudo-parabolic equation as follow

up — Au — Aup = ulnul . (1.2)

Chen and Tian [3] obtained the global existence, behavior of vacuum isolation and blow-up
of solutions at +oo of the equation (1.2). Without Awu,, the equation (1.2) become the following
semilinear parabolic equation

ug — Au=uln|u|. (1.3)

Chen et al. [4] studied the global existence, decay and blow-up at +o0o of solutions of the equation
(1.3).
When M =1 and ¢ > 2, Peng and Zhou [5] investigated the following parabolic equation with
logarithmic source term
wy — Au = |u|?*uln |ul.
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They studied the global existence and blow-up of solutions. Also, they discussed the upper bound
of blow-up time under suitable conditions.
Nhan and Truong [6] studied the following nonlinear pseudo-parabolic equation

up — Auy — div (|Vu|p_2 Vu) = u|" % uln |ul.

They studied results as regard the existence or non-existence of global solutions. Also, He et al. [7]
investigated the decay and the finite time blow-up for solutions of the equation.
Cao and Liu [8] studied the following nonlinear evolution equation with logarithmic source term

ug — div (|Vu\p_2 Vu) — kAuy = [u|" % uln |ul.

They established the existence of global weak solutions. Moreover, they considered global bound-
edness and blowing-up at oo.
Pigkin and Coémert [9] studied the following Kirchhoff type parabolic equation

w — M(||Vul[*)Au — Aug = |u|* > uln |ul.

They studied the finite time blow-up for weak solutions by employing potential well method and
concavity method.
Yang et al. [10] considered the following equation

uy — M (||Vu||2) Au+ " up — Aug = w9 In (1.4)

where M (s) = a+8s7,v > 0, > 1,8 > 0. They studied existence finite time blow up of solutions.
Wang et. al [11] investigated the following Kirchhoff type system with logarithmic source term

w + M (|9l + [V]) A+ = " ulnfu],
ve + M (||Vu||2 + ||w||2) Av+v =[] 2vin vl

with M (s) =a+8s",v>0,a > 1,8 >0 and ¢ > 2y + 2. They studied global existence and finite
time blow up under the different conditions by employing potential well method and concavity
method.

Recently many other authors investigated parabolic or hyperbolic type equations with logarith-
mic nonlinearity (see [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]).

Motivated by the above studies, in this work we investigate the global existence and decay
estimate of solutions for the Eq. (1.1).

Our plan in this paper is as follows: In Section 2, we discussed some lemmas which will be
needed later. In Section 3, we proved that the global existence and exponential decay of solutions.

2 Preliminaries

For simplicity, we denote

1
2 2\ 2
lull = Nl gy » el = el ey il = (Nl + 197l”) 7
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for 1 < s < oo.
For H(Q) x H}(Q)\{0}, we define the energy functional

1 2 2 1 2 2\ 71
Taw) = 5 (19l + 1901) + 55 (Il +19))

= wlln|u|de+ [ |v|?In|v|dz —|——(uq+ vq),
q<Q| |ul QH |v] e l[ullg + [lvllg

and Nehari functional

y+1
Iwv) = (I9ull +1Vol?) + (I7ul® + [ vol?)

— (/ \u|qln|u|da§+/ |v|qln|v|dx>.
Q Q

By (2.1) and (2.2), we get

1 q—2 2 2

Twv) = Iww) + = (Il + Vo)
W( 2 2)”“ L( q q)
e (Il 19l®) 4 (Il + el

Let
N = {(u,v) € Hy(Q) x Hy(2)\{0} : I(u,v) = 0},

be the Nehari manifold. Also, we may define

d= inf J(u,v),
(u,w)eEN

and
W = {(u,v) € Hy(Q) x HY(O\{0} : J(u,v) < d, I(u,v) > 0}.

We refer to W as the potential well and d as the depth of the well.

Lemma 2.1. J(u,v) is a nonincreasing function for ¢ > 0 and

d 2 2 2 2
—_— = — — < .
=7 w0) = = (Il + ) = (19 + | Ver]2) <0

155

(2.2)

(2.5)

Proof. Multiplying the first equation (1.1) by u; and the second equation (1.1) by v;, and integrating

on €2, we have

2 1 2 2\71 d 2 2
/Q|ut\ o+ 3 [14 (Il + 190l?) ] & vu +/Q|Vut| dz

d (1 1
- — </ |u|qln|u|dx——2/ |u|qu),
dt \q Jg 7 Jo
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and

2 1 2 2\71 d 2 2
/Qm\ do+ 2 [14 (Il + 1v0)?) ] & 9o +/Q|w\ da

d 1/ . 1/ . )
= — |- v|*In|v|dr — = v|*dz | . 2.7
i (& [ el = [ (2.7

From (2.6) and (2.7), we obtain

/Q (\ut|2 + |vt\2> dx +/Q <|Vut\2 + |Vvt|2> dx

w3 [0 (19ul + 1912) '] S (19l + 1901)

d 1/ . 1/
= — |- w/In |u| + |v|?In |v|) dz — = ul? + |v|?) dx ) . 2.8
i (5 [ qummpad oty = % [ uft+ o1 (25)
Thus, by (2.8), we obtain

d 1 2 2 1 2 2 y+1
(5 (19ul? + 19007) + s (10l + 19?) ™)

d (1 1
i (q (/Q |uqln|u|dx+/ﬂvqln|v|da;> - (T ||v||g)>
2 2 2 2
= = (alt® + lloel®) = (19wl + [ 9e]*)
that is

d
=7 (w,0) = = (luell® + oel*) = (IVuel + 1Ver]*) <o.

Moreover, integrating (2.8) with respect to ¢ on [0,t] , we arrive at

K 2 2 ¢ 2 2
| (el ey ar [ (19l + 190, 1) ar
0 0

4 /0 [+ (Ivul? +1ve?) ] @ (19l + vo)?)

1 1
= 2 [ ulwlul + ol ol do = (Il + ol)

1 1
- /Q (Juol I o] + o] In o)) i+ — (loll2 + flonl12) - (2.9)

We deal with the third term in the left hand of (2.9) as follows

;/Ot 1+ (19l + 1901%) | @ (9l + 90)?)
- ; (Ivul® + I 9o)*) - % (I7uol® + 7w0]*)

2
! 2 2\ 7! 1 5 o\ T+
oo Vel +19607) 7 = g (19wl +19wl?) . (2.10)
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Inserting (2.10) into (2.9), and obtain

t t
2 2 2 2 1 2 2
| (el o) a4 [ (190 4 190 ) e + 5 (190? + V01

1 2 2\7t 1 q q 1 q q
g (19l +19017)™ = 2 (il + ol o) e+ (g + o)
. ]. 2 2 ]_ 2 2 y+1
= 3 (HVUOH + [[Vvol| )er (HVUOH + [ Vo] )
—= [ (ol uol + Juo[1nool) o + 5 (Juol + 1ol (211)
q.Ja 7 K 1
that is
t t
| (el o) o+ [ (190l 4 190 ) dr 4 T0) = Tan). (212

Q.E.D.

Lemma 2.2. Let (u,v) € H}(Q) x H}(Q)\{0}, we consider the function j : A — J(Au, Av) for
A > 0. Then we possess

(ii) there is a unique A* > 0 such that j/(\*) = 0;

(iii) j(A) is increasing on (0, A*), decreasing on (A*, +00) and taking the maximum at A\*; I(Au) =
A4 (M) and
> 0, 0< A< A,
I(Au)q =0, A=A,
<0, A* <A < +oo.

Proof. By the definition of j, for (u,v) € H}(Q) x H}(Q2)\{0}, we get

. _ 1 2 2 1 2 2 y+1
0 = 5 (IV QI +19 00)*) + 55 (I Owl* + 1V (o))
1 </ |)\u|qln\)\u|dx+/ |>\v|q1n|)\v|dx> +i(||Au||q+||Av|\Q)
q \Ja Q 7 a K

A2 0 9 A2(v+1)
= 5 (Ve +190l?) + 55

)\(1 q q Aq q q
- (/Qu| 1n|u|d:c+/9|v| 1n|v|da:> —;ln)\(||u||q+||v|\q)

)\q q q
53 (Il + ol (2.13)

v+l
(Ivul® + v0)*)
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We see that (i) holds due to [, (Ju|? + |v|?) dz # 0. We have

d . B 2 2 27+1 2 2\ 7L
i) = A(IVul +1Vell?) + 227 ([ Vull® + Vel *)
—\e! </ |u\qln|u|d;v+/ vqln|v|dac> —)\q_lln)\(Hqu—i— HU”Z)
Q Q
P

P
= (ol + olly) + == (el + 17
v+1
A(Iull® + [1V0l?) + 327+ (|9ul® + [ vof*)

el </ |u\qln|u|dx+/ vqln|v|daz> —)\q_llnA(HuHZ—f— |\v||g).
Q Q
Let o(A\) = A715/(\), thus we obtain

P = AT
y+1
= (Ivull? + 1voI?) + 22 (I9ul® + [ Vol?)

_ya-2 (/ |u\qln|u|d:ﬂ+/ |vqln|v|dx> qu*21nA(||qu+|\v||g).
Q Q

Then
7+1
o) = 2t (||Vu||2 + ||Vv||2) — (g —2)\73 (/Q |u|? In |u| dz + /Q |v]?1n |v] dx)
~(a =22 A (JJul? + [[o)2) = X7 (lfalld + 1102

which yields that there exists a A* > 0 such that ¢’'(A) > 0 on (0,1*), ¢'(A) < 0 on (A*,400)
and on ¢'(A) = 0. So, ¢(A) is increasing on (0, \*), decreasing on (A*, +00). Since limy g+ @(A) =
<||Vu||2 + ||Vv||2) > 0, limy— 400 p(A) = —00, there exists a unique A\* > 0 such that @(A*) =0,
ie, 7/ (A*) = 0. So (i) holds. Then, j'(\) = Ap(A) is positive on (0, \*), negative on (A*, +00).

Thus, j(A) is increasing on (0, \*), decreasing on (\*,4+00) and taking the maximum at \*. From
(2.2), we get

I(Au, Av)

2 2 2 2\
(17 Q)ll? + 1V ) 17) + (IV Gl + 17 () )

—< |/\u|qln\)\u|dm+/ |)\vqln|/\v|da:>
Q Q

v+l
X2 (Iull® + Vo)) + X207 ([ 9ul® + [ 7o]*)

—X’( |u\qln|u|daj+/ |vqln|v|dx> —)\qln)\(Hu||Z+||v||g)
Q Q
= AN

Thus, I(Au, Av) >0 for 0 < A < A*, I(Au, Av) < 0 for A* < A < 400 and I(A*u, \*v) = 0. So (iii)
holds. For this reason, the proof is completed. Q.E.D.
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Lemma 2.3. d defined by (2.4) is positive and there exists a positive function u,v € N such that
J(u,v) =d.

Proof. Let {ug, v }7° C N be a minimizing sequence for J, which means that

lim J(uk,vk) =d. (2.14)

k—o0

We can easy show that {|uk,vk|}r C N is also a minimizing sequence for J due to |uy,vi| € N and
J(|ug, vk|) = J(ug, vk). Therefore, we can suppose that ug, v > 0 a.e. Q for all k € N.

Moreover, we have already observed that J is coercive on N which satisfies that {ug,vy}° is
bounded in H}(Q) x Hg(€2). Let > 0 be small enough such that ¢ + p < 22 Since H}(Q) <
Latr(Q) is compact, so there exists a function u and a subsequence of {uy, vy}, still denote by
{ug, v}, such that

up — u weakly in  Hg(Q),

v, — v weakly in HJ (%),
u, — u strongly in  LITH(Q),
v, — v strongly in LITH(Q),

ug(x) = u(z) ae. in Q,

vg(x) = v(x) a.e. in Q.

Also, u,v > 0 a.e. in €. First, we prove u,v # 0. From the dominated convergence theorem, we get

/|u|qln\u|da§: lim/|uk|qln|uk|d:c, (2.15)
Q k— o0 Q

/|v|q1n|v|d:£: lim / lv|? In |vg | dz,

Q k—o0 Q

|u|? dz = lim/|uk|qdas7 (2.16)
Q k—oo Jo

/|v\qu: lim/|vk|qdaz.
Q k—o0 O

From the weak lower semicontinuity of Hg () x Hg (), we get

and

IVulP + Vo) < timinf (| Vul® + [ Vol*) (2.17)
—00

7+l . 7+1
(vl +1vol?) ™ < lim (Ivul® + 1Volf)
—00
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Using (2.1), (2.14), (2.15), (2.16) and (2.17), we have

1 v+l
Juw) = 5 (Ival®+ vl (Ivul® + 7o]*)

) + 2('yl+ 1)

(il da+ | )+
- u|” In |u| dx + v|?1n v| dz +—(uq—|— vq)
q<Q| |ul Q|| |v] 7 [[ully + vl

. 2 2 . 1 2 2\ 7+t

< - -

< timinty (Ve + [ 90*) + fim o= (IVul® + [ 90])
im 2 ([ i ulde + [ ool de ) + nmi(nununvnq)
k%ooq O Q k%ooq2 q q

= liminfJ(ux) = d. (2.18)
k— o0

Using (2.2), (2.15) and (2.17), we have
+1
Iwv) = (Ivull +1Vol?) + (I7ul® + [ Vol*)

- (/ |u|qln|u\dx—|—/ |v|qln|vda§>
Q Q

. 2 2 . 2 2\ 7+l
timinf ([ Vull” + |Vo)*) + Tim ([Vul® + |Vo]*)

— lim </ |u\qln|u|dac+/ |vqln|v|dx>
k—o0 Q Q

= liminfl(ug) = 0. (2.19)

k—o0

IN

Since (ug,vx) € N, we have I(uy,v;) = 0. So, by employing the fact a #Ina < (eu)™! for a > 1
and the Sobolev embedding inequality, we get

v+
(Ivull® + 190)?) + (Ival® + 70]*) /Q|u|qln\u|dx+/ﬂ|v|qln|v\dx

< (BM)_l (/ \uk|q+“da?+/ qu-‘rlldx)
Q Q
— +p +up
< ()™ (el + lonll et
< O (IVuly™ + 1Verls™).

where C' is positive and Sobolev embedding constant. This yields that
/ || I [y | dx +/ o] "I [vg| d = (| Vg ||* + [[Vog||* > C. (2.20)
Q Q
By (2.20) and (2.15), we obtain

/|u|qln|u\dm—|—/ [v|In|v|dz > C.
Q Q
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Thus, we have (u,v) € H}(Q) x H} (2)\{0}.
If I(ug,vr) < 0, by Lemma 2.2, there exists a A* such that I(A*u, A\*v) =0 and 0 < A\* < 1.
Thus, (Au, \*v) € N. By (2.3), (2.4), (2.16) and (2.17), we get

d < JA\u,\*v)
1 * * q_2 * *
= TOu )+ 5 (IV () + IV (o)l )
q_27_2 * 2 * 2 i i * q * 119
e IVl 19 O)l®) 4 (Il + 1All;)
o q—2 . N2 a2 , 49— 27— 2 o2 w2\ YT
= 5 (IOl + IV eol?) + 5= = (19 vl + 1V (o))
1 * *
o (IAully + 18l
-2 —2y—2 v+l
< 2 | 4 2 2 q g 2 2
< ) [QQ (Il + 190 + %5 == (19l + 1901)
1
*\2
HO? 3 (Il + 10l
<

. -2 q—2y—2 2 2\t
A)liminf | L2 (v2 vz) 7(v v )
o Pt |22 (19l + 190l?) + 42122 (19?4 19

1
*\275 s q q
FOmint 5 (Jlul; + 10]7)
= (A\")%liminfJ (uy,)
k—o0
= ()4,

which indicates A* > 1 by d > 0. It contradicts 0 < A* < 1. Then, by (2.19), we have I(u,v) =
For this reason, u,v € N. By (2.14), we have J(u,v) > d. By (2.18), we have J(u,v) < d. So,
J(u,v) =d. Q.E.D.

o

Lemma 2.4. [6] For any u € H}(Q2), p > 1, and r > 1, the inequality

0 1-6
[ully < ClIVull, [Jull,™,
is valid, where

and

(1 1><1 1 1>1
0=(--=-)(=-=-=+-) ,
T q n p T
forp>n=1r<g<oc;

forn>1and p<mn, g€ [r,p.] if r <p. and q € [ps,r] if > py;
forp=n>1,r<q < oc;

forp>n>1r<qg<oo.

Here, the constant C' depends on n,p, g and r.
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Lemma 2.5. [25] Let f: R* — R*' be a nonincreasing function and o is a nonnegative constant
such that

[ reeas < Lo, vz
Hence

(a) f(t) < f(0)el~¥t for all t > 0, whenever o = 0,
1

(b) f(t) < f(0) ( 1o ); , for all t > 0, whenever o > 0.

14+wot

3 Main results

Definition 3.1. (Weak solution). We say that function (u(t), v(t)) is weak solutions of the problem
(1.1) over Qx[0, T, if (u,v) € L>=(0,T; Hi () x L>=(0,T; Hi(Q)) with (ug, v;) € L2(0,T; HE(2)) x
L2(0,T; H}(Q)) and satisfies the initial condition (ug,vo) € Hg(Q) x H(2)\{0}, and the following
equality

{ue, ) + (Vu, Vi) + <HWH27 Vu,Vs0> +(Vuy, Vo) =/ [l wln |u] g,
Q
and
(Vs 9) + (Vo, Vi) + <||Vv||27 VU7V¢> +(Vor, Vi) :/ [0l vln o] Yde,
Q

for all (p,1) € H}(Q) x H}(Q) holds for a.e. t € [0,T], and (.,.) means the inner product in space
L?(Q); that is

n, &) :/Qn(x)§(x)dx

Definition 3.2. (Maximal Existence Time). Suppose that u be weak solutions of problem (1.1).
We define the maximal existence time Ty, as follows

Tiax = sup{T > 0 : u(t) exists on [0,T]}.
Then
(i) If Thax < 00, we say that u blows up in finite time and Ti,ax is the blow-up time;
(ii) If Tax = 00, we say that u is global.

Theorem 3.3. (Global Existence). Let (ug,vo) € H}(2) x H(£2). Then there is a unique global
weak solution (u, v) of (1.1) satisfying (ug, vo) . We have (u(t),v(t)) € W holds for all 0 < ¢t < +o0,
and the energy estimate

t
/0 (lte () gy + 02 () g ) A7 + T (,0) < T(uto,w0), 0 < 8 < oo

Also, the solution decay exponentially provided (ug,vo) € W.
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Proof. Let (ug,vo) € W be the initial data. Let {w;}32; be a system of Galerkin base function in
space H}(Q) x H}(Q). Construct the approximate solution of (u,(x,t), v, (x,t)) of the problem

(1.1). Let
U (,8) = ) amj (tw; (@),
j=1
and N
U (,8) = Y b (Bw; (2),
j=1
satisfying
/Umtwidx-l-/Vumeidx
Q Q
8!
[ (19l + 190m) Vi
Q
B /lum|q_2“mln|“m\widm,
Q
and

/vmtwidx—i—/vaVwidx
Q Q

W
b [ (19l + 190l) Vo Tunda
Q

- / \vm|q72 VU 10 |0, | widez,
Q

for i € {1,2,...,m}. And as m — oo, we get

m

+ / Vi Vw;dx
Q

+ / V'Umt szdx
Q

UQm = Zamjwj — up  strongly in H(Q),

=1
and

m
Vom = Z bmjwj — v strongly in Hj(€).

Jj=1

Multiplying (3.2) by hy,;(t), and (3.3) by g, ;(t), summing for i = 1,2, ..., m, we have

1 " d
[ il 5 14+ (IVunl? + 190 %) ] 5 ¥ * + [ [Ftf? do

d (1 1
= dt(q/ﬂmmqlnmmd:c—q2/ﬂ|um|qdas),

and

1 7 d
omel* dz 4+ = |1+ ([|Vtml* + [Vom®) | 5 1Voml* + [ Vo] da
2 dt

d (1 1
= = </ |vm|qln\vm|d:c——2/ vm|qdz>.
dt \q Jo q° Jo

(3.1)

(3.2)
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Integrating (3.6) and (3.7) over (0,¢) and then summarizing the obtained results, for 0 < t < oo,
we obtain

t t
| (el - ome ) dr [ (1902 190 °) d7 I 0m) = Tt ).
0 0

Recalling (3.4) and (3.5) yields J(uom, Vom) — J(uo, vo) as m — oo, which says that for sufficiently
large m

t
/ (Wtonr (P 3y 1 + Nome (P33 ) A7 + T (s V) < . (3.8)
0

Then from (2.3) it gives

1 q—2 2 2

J(Uiny V) = =1 (U, U +—(Vum + ||V, )

( ) q( ) % | 17 + [[Vom||
q—27—2( 9 N1 q ’
L= 2 (Ve Vo, ) 7( . . )
2 (19l + 19 0l) "+ 5 (el + ol

(3.4) and (3.5), for sufficiently large m and 0 < ¢ < oo, we get (Uom, Vom) € W. From (3.8), we
have that (um, (t),vm (£)) € W for sufficiently large m and 0 < ¢ < oco. Thus for 0 < ¢ < co and
q>2v+2,(3.8) gives

K 2 2 ¢ 2 2
| Qlamel? - ome ) ar [ (190l 4 19077 a7
0 0

q—2( 2 2 q—2y—2 2 2\ 7 +!
+—{|Vun|l” + [|[Von, ) + — ( Vun|l® + [|[ Vo, )
30 (IVeml 4 190 *) + 5= = (19 + Vo
1
+og (lemlly + oml)
< d. (3.9)

For a sufficiently large m and 0 <t < oo, (3.9) gives

t
/||umTH2dT < d,
0

t
/HUWHQdT < d
0

t
/HVumT||2dT < 4
0

t
/||vaT||2dT < d,
0

IVum® < a2

Vo) < a2
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then we have

Ut and vy, are bounded in L°°(0, oo; L2 (),
Uy, and vy, are bounded in L>(0, 0o; Hy (9)),
Upy and v,,; are bounded in L?(0, oo; L(Q)).

Using the Sobolev embedding inequality
2 2 2 2
I9ul + Vel 2 G2 ([l + 0],

for 0 <t < 0o, we have

+1 +1
/Q i 1 [t | i+ / ol I foml e < [t [+ o[22
< O (Il ™ + lom )
5 at1
q 2
< —d . 3.10
<q2> (3.10)

Integrating (3.2) and (3.3) with respect to ¢, for 0 <t < oo, we get
/ut(t)wdm—i-/ Vu(t)Vwdz
Q Q
2 2\"”
—|—/ <||Vu(t)|| + || Vo(t)] ) Vu(t)dex—!—/Vut(t)dex
Q Q
= /|u(t)|q_2u(t) In |u(t)| wdz, (3.11)
Q
and
/vt(t)wdx—i—/ Vo(t)Vwdz
Q Q
2 2\7
4 / (Iva() P + Vo)) Vo) Vuds + / Vor(£) Vevda
Q Q
_ /|v(t)\q_21)(t) In [o()] wd, (3.12)
Q

for all w € H}(Q2) and for almost every ¢ € [0, 0]. So, (u,v) is a desired solution of problem (1.1).
Now, we discuss the decay results.
Since (ug,v9) € W, similar to the first case, we obtain (u,v) € W for any ¢ € [0, 00). By (2.3),
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(3.11) and (3.12), we get
J(ug,v0) > J(u,v)
1 q—2 2 2
= T+ 5= (Il + Vo)

q—2y—2 2 2\t 1
g (Il + 09el®) ™+ 5 (Il + el

2qv + 2¢q
Q*Q( 2 2\, 4—27—2 2 2\ 7!
> — ||Vul|” + ||Vv )+7<VU + [[Vov >
> E (10ul? + 19) + S5 (I9ul? + (90
1
g (Il + ol (3.13)

For I(u,v) > 0, (2.4) and Lemma 2.2, there exists a \* > 1 such that I(\*u, A*v) = 0. We obtain
d < JX\u,\*)
1 q—2 2 2
= —I(Nu,\* — A* A"
w0+ I (I )+ 19 o))

q—2’y—2( . 112 w2\ 1 .
=272 (v )2 + |V (A ) +—()\*uq+)\vq>
50 £ 24 IV (A )" + [V (A" )] e [A |, + A ],
.. .2 2 2 q—2vy—2 2 2\ 71
< ()9 f—(V v ) 7(v \V )
< (W) imin [ 5 [Vul]” + [[Vo]|” ) + 2+ 24 [Vul]” + [V
S |
HA) T inf (Hullg + o)) (3.14)

Using (3.13) and (3.14), we have
d < ()\*)qJ(UO, Uo),

which yields that

1

A > (M) " (3.15)
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It follows from (2.2) that
0 = I(\'u,\'0)
(IV Qw4+ 19 o)) + (IV )l + 1V (Ao)l?)

- (/ |)\*u\qln|)\*u|dm+/ )\*v|qln|)\*v|dx)
Q Q

y+1
= (2 (IVull® + [90)?) + 204 (|9ul® + [ vof?)

—(vye (/ |u|qln|u|dx+/ |v|qln|vdx) C ()T A (/ \u|qu+/ |U‘de)
Q Q Q Q

7+1
= (), 0) + ) (IIVal + [ 90)*) + (W20 (vl + 7o)

v+1

7+1

=) (Il + 1901) = )7 (I9ull® + 7o)

—(A*)qm*< Q\u|qda:+/ﬂ |qux>
= ) () + [ = 7] (IVul + 1Vel)

[0 — ey (ol + ow?) ™

—(A")91In \* (/Q |u)? dm—&—/ﬂ|qux>. (3.16)

Using (3.15) and (3.16), we have

W) = [ 2] (19l + 19 + [ - 20 0] (1va)® + vef?)

)T A (/ |u|qu+/ |v|qu>
Q Q

> [ = ) IVl + 90l)

which implies that
Iu,0) = [1 = (A7) (IIVul® + 7o) (3.17)

It follows from (3.15) and (3.17) that

- (J(ud))] (I9ul? +1701°)

I(u,v) >

i

- (J(Ujvo)> q ] (”““2+ ”””2)’ (3.18)

Y

Gy
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where C is constant. Also, by (3.18), we obtain

1 d = 2 2
1) 2[1—(W) ](lwn Vo)
1 d = 2 2
4561 [1= (s ) T | (1 + 1ol
> C (IIVal’® + Vol + llul® + o))

= G (g0 + 10Oz ) (3.19)

i |- () ] - Gan) )

Integrating the I(u,v) with respect to s over (¢,7T'), we obtain

where

Gy

T2

/tTW)dS = - /tT | un(s)u(s) + v (5)0(s)) dads
- /t ' /Q (Vus(s)Vu(s) + Vg (5)Vo(s)) deds

1 1
B (||U(t)||?qg(9) + HU(t)Hzg(Q)) 3 (||U(T)||§{g(n) + ||U(T)H12Hg(9))
Cs (Jlu(®) 3y + 0O Nrycen ) - (3.20)

From (3.19) and (3.20), we have

IN

T
/t Ca (3@ + 100 0 ) ds < Cs (Iu®)g ) + 00057y () for all ¢ € [0,7]. (3.21)
Let T'— +o00 in (3.21), we can get
* 2 2 2 2
/t (Ha®) g ) + 0Oy ) ds < Ca (Ila@®l3rg ) + IO Iy )

where Cy = g—;" From Lemma 2.5, we have

2 2 2 2 — 4
1) 30y + 10O 30y < (16O + 10O 30y ) €77

The above inequality implies that the solution (u,v) decays exponentially. Q.E.D.
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